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Abstract. A key property for a development method is compositionality
because it ensures that a method can scale up to cope with large applica-
tions. Unfortunately, the inherent interference makes it difficult to devise
development methods for concurrent programs (or systems). There are
a number of proposals such as rely/guarantee conditions but the over-
all search for a satisfactory compositional approach to concurrency is an
open problem. This paper identifies some issues including granularity
and the problems associated with ghost variables; it also discusses using
atomicity as a design abstraction.
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1 Compositionality

Formal specification languages and associated rules for proving that designs sat-
isfy specifications are often called formal methods. As well as providing com-
pletely formal criteria, it is argued in [Jon00] that formal methods offer thinking
tools –such as invariants– which become an integral part of professional practice.
The main interest in this paper is on the contribution that formal methods can
make to the design process for concurrent systems. Just as with Hoare’s axioms
for sequential programs, the sought after gains should come both from (the ref-
erence point of) formal rules and from the intuitions they offer to less formal
developments.

The development of any large system must be decomposed into manageable
steps. This is true both for the construction phase and for subsequent attempts
to comprehend a design. For software, understanding after construction is im-
portant because of the inevitable maintenance and modification work. But, for
the current purposes, it is sufficient to concentrate the argument on the design
process.

It is easy to see that it is the design process of large systems which requires
support. Regardless of the extent to which techniques for error detection of
finished code can be made automatic, there is still the inherent cost of reworking
the design when errors are detected and little greater certainty of correctness
after modification. The only way to achieve high productivity and correctness is
to aim to make designs correct by construction.

What is required therefore is to be able to make and justify one design deci-
sion before moving on to further steps of design. To take the design of sequential
programs as a reference point, specification by pre and post conditions offers
a natural way of recording what is required of any level of component. So, in
facing the task of developing some C specified by its pre and post conditions,
one might decide that a series of sub-components sci are required and record ex-
pectations about them by writing their pre and post conditions. The design step
must also provide a proposed way of combining the eventual sci and this should
be one of the constructs of the (sequential) programming language. Each such
construct should have an associated proof rule like the Hoare axiom for while
which can be used to show that any implementations satisfying the specifica-
tions of the sci will combine with the stated construct into an implementation
satisfying the specification of C . This idealised top-down picture requires some
qualification below but the essential point remains: pre and post conditions pro-
vide an adequate description of the functionality of a system to facilitate the
separation of a multi-level design into separate steps. A method which supports
such development is classed as compositional; one that requires details of the
implementations of the sci to justify the decomposition is non-compositional.

The above ideal is rarely achieved. The first difficulty is that there is no guar-
antee against making bad design decisions which result in the need to backtrack
in the design process. What a compositional method offers is a way of justifying a
design step — not an automatic way of choosing good design decisions. Secondly,
there was above a careful restriction to functional properties and performance



considerations, in particular, are commonly excluded. There are also a number
of technical points: the case for separating pre from post conditions and the ar-
guments for employing post-conditions of two states (plus the consequent search
for apposite proof rules) are explored in [Jon99]. It will also come as no surprise
to anyone who has read this author’s books on VDM that the method of data
reification is considered an essential tool for program design; fortunately there
is also a transitivity notion for reification which again facilitates compositional
design (see [dRE99] for an excellent survey of data refinement research).

Nothing which has been written above should be seen as assuming that all
design has to be undertaken in a top-down order: separate, justification of design
steps is necessary in whatever order they are made; a top-down structure of the
final documentation might well enhance comprehensibility; and arguments based
on specifications rather than on the details of the code have much to commend
them however these arguments are discovered.

The key argument of this section is that compositionality is a desirable prop-
erty of a development method if it is to scale up to large tasks. Subsequent
sections explore the difficulties in achieving this property in the presence of con-
currency.

2 The essence of concurrency is interference

The easiest way to illustrate interference is with parallel processes which can read
and write variables in the same state space. Simple examples can be constructed
with parallel execution of assignment statements but to avoid an obvious riposte
it is necessary to resolve an issue about granularity. Some development methods
assume that assignment statements are executed atomically in the sense that
no parallel process can interfere with the state from the beginning of evaluation
of the right hand side of the assignment until the variable on the left hand
side has been updated. The rule is reciprocal in the sense that the assignment in
question must not interfere with the atomic execution of one in any other process.
Essentially, assignments in all processes are non-deterministically merged in all
processes but never allowed to overlap. A few moments thought makes it clear
that such a notion of granularity would be extremely expensive to implement
because of the setting and testing of something equivalent to semaphores. There
is a suggestion to remove the need for semaphores: sometimes referred to as
“Reynold’s rule”, the idea is to require no more than one reference (on the left
or right hand sides) in any assignment to potentially shared variables. Section 6
argues that not even variable access or change are necessarily atomic; but even
without opening this facet to investigation, one can observe that Reynold’s rule
is also arbitrary and prohibits many completely safe programs.

Thus, for the purposes of this section, assignment statements are not assumed
to be executed in an atomic step. If then a variable x has the value 0 before two
assignment statements

x ← x + 1 || x ← x + 2



are executed in parallel, what can be said of the final value of x? In the
simplest case, where one parallel assignment happens to complete before the
other begins, the result is x = 3; but if both parallel assignments have their
right hand sides evaluated in the same state (x = 0) then the resulting value of
x could be 1 or 2 depending on the order of the state changes.1

Some computer scientists recoiled at the difficulty of such shared state con-
currency and their idea of stateless communicating processes might appear to
finesse the problem illustrated above. Unfortunately, escaping the general no-
tion of interference is not so easy. In fact, since processes can be used to model
variables, it is obvious that interference is still an issue. The shared variable prob-
lem above can be precisely mirrored in, for example, the π-calculus [MPW92] as
follows

(x0 | !x (v).(rxv .xv +wx (n).xn)) | rx (v).wxv + 1 | rx (v).wxv + 2

One might argue that assertions over communication histories are easier to
write and reason about than those over state evolutions but the issue of inter-
ference has clearly not been avoided. Furthermore, interference affects liveness
arguments as well as safety reasoning.

3 Reasoning about interference

Before coming to explicit reasoning about interference, it is instructive to review
some of the early attempts to prove that shared-variable concurrent programs
satisfy specifications. One way of proving that two concurrent programs are cor-
rect with respect to an overall specification is to consider their respective flow
diagrams and to associate an assertion with every pair of arcs (i.e. quiescent
points). So with sc1 having n steps and sc2 having m, it is necessary to consider
n ×m steps of proof. This is clearly wasteful and does not scale at all to cases
where there are more than two processes. There is also here an assumption about
granularity which is dangerous: are the steps in the flow diagram to be whole
assignments? For the current purposes, however, the more fundamental objec-
tion is that the approach is non-compositional: proofs about the two processes
can only be initiated once their final code is present; nothing can be proved
at the point in time where the developer chooses to split the overall task into
two parallel processes; there is no separate and complete statement of what is
required of each of the sci .

Susan Owicki’s thesis [Owi75] proposes a method which offers some progress.
Normally referred to as the Owicki-Gries method because of the paper she
wrote [OG76] with her supervisor David Gries, the idea is to write normal
pre/post condition specifications of each of the sci and develop their imple-
mentations separately with normal sequential proof rules. Essentially, this first
step can be thought of as considering the implementation as though it is a non-
deterministic choice between one of two sequential implementations: sc1; sc2 or

1 Atomicity of update of scalar values is assumed – for now!



sc2; sc1. Having completed the top level decomposition, developments of the sep-
arate sci can be undertaken to obtain code which satisfies their specifications.
So far, so good — but then the Owicki-Gries method requires that each pro-
gram step in sci must be shown not to interfere with any proof step in scj . With
careful design, many of these checks will be trivial so the worrying product of
n × m checks is not as daunting. It is however again clear that this method is
non-compositional in that a problem located in the final proof of “interference
freedom” could force a development of sci to be discarded because of a decision
in the design of scj . In other words, the specification of sci was incomplete in
that a development which satisfied its pre and post condition has to be reworked
at the end because it fails some criteria not present in its specification.

Several authors took up the challenge of recording assumptions and commit-
ments which include a characterisation of interference. In [FP78], an interference
constraint has to be found which is common to all processes. In [Jon81], pre/post
conditions specifications for such processes are extended with rely and guaran-
tee conditions. The subsequent description here is in terms of the rely/guarantee
proposal.

The basic idea is very simple. Just as a pre-condition records assumptions the
developer can make about the initial state when designing an implementation,
a rely condition records assumptions that can be made about interference from
other processes: few programs can work in an arbitrary initial condition; only
vacuous specifications can be met in the presence of arbitrary interference. Thus
pre and rely conditions record assumptions that the developer can make.

Just as post-conditions document commitments which must be (shown to
be) fulfilled by the implementation, the interference which can be generated by
the implementation is captured by writing a guarantee condition.

A specification of a component C then is written
{
p, r

}
C

{
g , q

}
for a pre-

condition p, a rely condition r , a guarantee condition g , and a post-condition q .
It has always been the case in VDM that post-conditions were predicates of the
initial and final states 2:

q : Σ×Σ→B

Since they record (potential) state changes, it is natural that rely and guarantee
conditions are both relations:

r : Σ×Σ→B

g : Σ×Σ→B

Pre-conditions indicate if an initial state is acceptable and are thus predicates
of a single state:

p: Σ→B

2 See [Jon99] for discussion



The compositional proof rule for decomposing a component into two parallel
components is presented in Figure 1. It is more complicated than rules for se-
quential constructs but is not difficult to understand. If S1 || S2 has to tolerate
interference r , the component S1 can only assume the bound on interference to
be r ∨ g2 because steps of S2 also interfere with S1. The guarantee condition
g of the parallel construct cannot be stronger than the disjunction of the guar-
antee conditions of the components. Finally, the post condition of the overall
construct can be derived from the conjunction of the individual post-conditions,
conjoined with the transitive closure of the rely and guarantee conditions, and
further conjoined with any information that can be brought forward from the
pre-condition

←
p .

||

{
p, r ∨ g2

}
S1

{
g1, q1

}{
p, r ∨ g1

}
S2

{
g2, q2

}
g1 ∨ g2 ⇒ g
¬ p ∧ q1 ∧ q2 ∧ (r ∨ g1 ∨ g2)

∗ ⇒ q{
p, r

}
(S1 || S2)

{
g , q

}

Fig. 1. A proof rule for rely/guarantee conditions

There are more degrees of freedom in the presentation of such a complex rule
than those for sequential constructs and papers listed below experiment with
various presentations. It was however recognised early that there were useful
generic thinking tools for reasoning about concurrent systems. “Dynamic invari-
ants” are the best example of a concept which is useful in formal and informal
developments alike. A dynamic invariant is a relation which holds between the
initial state and any which can arise. It is thus reflexive and composes with the
guarantee conditions of all processes. It is accepted by many who have adopted
methods like VDM that standard data type invariants are a valuable design aid
and their discussion even in informal reviews often uncovers design errors. There
is some initial evidence that similar design pay off comes from dynamic invari-
ants. In fact, they have even been seen as beneficial in the design of sequential
systems (e.g. [FJ98]).

There have been many excellent contributions to the rely/guarantee idea
in the twenty years since it was published ([Jon83] is a more accessible source
than [Jon81]). Ketil Stølen tackled the problem of progress arguments in his
thesis [Stø90]. Xu Quiwen [Xu92] in his Oxford thesis covers some of the same
ground but also looks at the use of equivalence proofs. Pierre Collette’s thesis
was done under the supervision of Michel Sintzoff: [Col94] makes the crucial
link to Misra and Chandy’s Unity language (see [CM88]). Colin Stirling tackles
the issue of Cook completeness in [Sti88] and in [Sti86] shows that the same



broad form of thinking can be applied to process algebras. Recent contributions
include [Din00]3 and [BB99].

Returning to the fact that there have been other assumption-commitment
approaches which record interference in ways different from the specific rely-
guarantee conditions used here, the reader is referred to the forthcoming book
from de Roever and colleagues for a review of many approaches. As far as this
author is aware, none of the recorded approaches avoids the difficulties discussed
in the next sections.

4 Some problems with assumption/commitment
reasoning

In spite of the progress with rely-guarantee specifications and development, much
remains to be done. It should not be surprising that reasoning about intimate
interference between two processes can be tricky. An illustration of how delicate
the placing of clauses in assumptions and commitments is given in [CJ00]. Per-
haps much of what is required here is experience and classification of types of
interference.

One obvious conclusion is to limit interference in a way which makes it possi-
ble to undertake much program development with sequential rules. This echoes
the message that Dijkstra et al. were giving over the whole early period of writ-
ing concurrent programs. One avenue of research in this direction has been to
deploy object-based techniques to provide a way of controlling interference; this
work is outlined –and additional references are given– in [Jon96].

Turning to the rules for the parallel constructs, that given in Figure 1 is
only one with which various authors who are cited above have experimented.
There more degrees of freedom than with rules for sequential constructs.4 Again,
experiments should indicate the most usable rules.

There are some general developments to be looked at in combination with any
form of assumption-commitment approach. One is the need to look at their use
in real-time programs. Intuitively, the same idea should work but what the most
convenient logic is in which to record assumptions and commitments might take
considerable experimentation. Another extension which would require careful
integration is that to handle probabilistic issues. This is of particular interest
to the current author because –as described in [Jon00]– of the desire to cover
“faults as interference”.

3 Note [Sti88,Din00] employ unary predicates and experience the problems that are fa-
miliar from unary post-conditions when wanting to state requirements like variables
not changing.

4 There is of course some flexibility with sequential constructs such as whether to fold
the consequence rule into those for each programming construct.



5 Role of ghost variables

A specific problem which arises in several approaches to proofs about concur-
rency is finding some way of referring to points in a computation. A frustratingly
simple example is the parallel execution of two assignment statements which are,
for this section, assumed to be atomic.

< x ← x + 1 >||< x ← x + 2 >

The subtlety here is that because both increments are by the same amount
one cannot use the value to determine which arm has been executed. A common
solution to such issues is to introduce some form of “ghost variable” which can be
modified so as to track execution. There are a number of unresolved questions
around ghost variables including exactly when they are required; what is the
increase in expressivity and their relationship to compositionality.

For the specific example above, this author has suggested that it might be
better to avoid state predicates altogether and recognise that the important fact
is that the assignments commute. Of course, if one branch incremented x and
the other multiplied it by some value, then they would not commute; but it
would also be difficult to envisage what useful purpose such a program would
have. So the proposal is that reasoning about concurrency should not rely solely
on assertions about states; other –perhaps more algebraic techniques– can also
be used to reason about the joint effect of actions in parallel processes.

6 Granularity concerns

Issues relating to granularity have figured in the discussion above and they would
appear to pose serious difficulties for many methods. The problems with as-
suming that assignment statements can be executed atomically are reviewed in
Section 2 but the general issue is much more difficult. For example, it is not nec-
essarily true that variables can be read and changed without interference. This
should be obvious in the case of say arrays but it is also unlikely that hardware
will guarantee that long strings are accessed in an uninterrupted way. There is
even the danger that scalar arithmetic value access can be interrupted.

Having ramified the problem, what can be done about it? Any approach
which requires recognising the complete proof of one process to see whether
another process can interfere with proof steps appears to be committed to low
level details of the implementation language. To some extent, a rely-guarantee
approach puts the decision about granularity in the hands of the designer. In
particular, assertions carried down as relations between states can be reified later
in design. This works well in the object-based approach described in [Jon96]. But
granularity is a topic which deserves more research rather than the regrettable
tendency to ignore the issue.



7 Atomicity as an abstraction, and its refinement

As well as rely and guarantee conditions, the object-based design approach put
forward in [Jon96] employs equivalence transformations. The idea is that a rel-
atively simple process could be used to develop a sequential program which
can be transformed into an equivalent concurrent program. The task of provid-
ing a semantic underpinning in terms of which the claimed equivalences could
be proved to preserve observational equivalence proved difficult (see for exam-
ple [PW98,San99]).

The key to the equivalences is to observe that under strict conditions, is-
lands of computation exist and interference never crosses the perimeter of the
island. One of the reasons that these equivalences are interesting is because their
essence –which is the decomposition of things which it is easy to see posses some
property when executed atomically– occurs in several other areas. In particular,
“atomicity” is a useful design abstraction in discussing database transactions
and cache coherence: showing how these “atoms” can overlap is an essential
part of justifying a useful implementation. There are other approaches to this
problem such as [JPZ91,Coh00]; but the ubiquity of atomicity refinement as a
way of reasoning about some concurrency problems suggests that there is a rich
idea lurking here.

8 Conclusion

The general idea behind assumption/commitment specifications and proof rules
would appear to be a useful way of designing concurrent systems. Much detailed
research and experimentation on practical problems is still required to come up
with some sort of agreed approach. Even as a proponent of one of the assumption
(rely) commitment (guarantee) approaches, the current author recognises that
there are also quite general problems to be faced before a satisfactory compo-
sitional approach to the development of concurrent programs can be claimed.
One area of extension is to look for more expressiveness whether to merge with
real-time logics or to cope with probabilities. Another issue is that arguments
which do not appear to be dealt with well by assertions about states. In all of
this search for formal rules, one should continue to strive for things which can
be adopted also informally as thinking tools by engineers.
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